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Algorithms

1.1 Pretest

1.2 Algorithms and correctness
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2 Chapter 1. Algorithms

1.3 Algorithms and efficiency
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4 Chapter 1. Algorithms

c1g(n) = 3n2
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merge sort quick sort
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Karin Joan Kristen
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1

2

13
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10 11 12

Annika Annaliese Raylee Emma

Esther Elizabeth Megan Linnea Chelsea

Karin Joan Kristen

Patricia

Who is the first ancestor? Patricia Does Patricia have any children? (y/n) y

Who is the next child? Karin Does Karin have any children? (y/n) y

Who is the next child? Esther Does Esther have any children? (y/n) y

Who is the next child? Annika Does Annika have any children? (y/n) n

Does Esther have any more children? (y/n) n

Does Karin have any more children? (y/n) y Who is the next child? Elizabeth

Does Elizabeth have any children? (y/n) y Who is the next child? Annie

Does Annie have any children? (y/n) n

Does Elizabeth have any more children? (y/n) n

Does Karin have any more children? (y/n) n

Does Patricia have any more children? (y/n) y Who is the next child? Joan

Does Joan have any children? (y/n) y Who is the next child? Megan

Does Megan have any children? (y/n) n

Does Joan have any more children? (y/n) n

Does Patricia have any more children? (y/n) y Who is the next child? Kristen

Does Kristen have any children? (y/n) y Who is the next child? Linnea

Does Linnea have any children? (y/n) y Who is the next child? Raylee

Does Raylee have any children? (y/n) n

Does Linnea have any more children? (y/n) n

Does Kristen have any more children? (y/n) y Who is the next child? Chelsea

Does Chelsea have any children? (y/n) y Who is the next child? Emma

Does Emma have any children? (y/n) n

Does Chelsea have any more children? (y/n) n

Does Kristen have any more children? (y/n) n

Does Patricia have any more children? (y/n) n

blah

blah

Who is the first ancestor? Patricia

How many children does Patricia have? 3

Who is Patricia’s next child? Karin

Who is Patricia’s next child? Joan

Who is Patricia’s next child? Kristen

How many children does Karin have? 2

Who is Karin’s next child? Esther

Who is Karin’s next child? Elizabeth

How many children does Joan have? 1

Who is Joan’s next child? Megan

How many children does Kristen have? 2

Who is Kristen’s next child? Linnea

Who is Kristen’s next child? Chelsea

How many children does Esther have? 1

Who is Esther’s next child? Annika

How many children does Elizabeth have? 1

Who is Elizabeth’s next child? Annie

How many children does Megan have? 0

How many children does Linnea have? 1

Who is Linnea’s next child? Raylee

How many children does Chelsea have? 1

Who is Chelsea’s next child? Emma

How many children does Annika have? 0

How many children does Annie have? 0

How many children does Raylee have? 0

How many children does Emma have? 0
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10 Chapter 2. Data structures
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2.1 Array-based data structures

unused

4 12 7 3

4size

internal

224 12 7 3

5size

internal

22

temp 22

4 12 7 3

5size

internal

4 12 7 3

43

6size

internal

unused

4 12 7 3 22

6size

internal

unused

4 12 7 3 22 43

17

7size

internal 4 12 7 3 22 43

unused
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Call to add() 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

Array length 1 2 4 4 8 8 8 8 16 16 16 16 16 16 16 16 32

Writes performed 1 2 3 1 5 1 1 1 9 1 1 1 1 1 1 1 17

Running total 1 3 6 7 12 13 14 15 24 25 26 27 28 29 30 31 48

push(14)

push(6)

push(15)

push(31)

push(4)

4

4

unused

14
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31

14 6 15 31

2.2 Linked data structures
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tail
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tail

head 22 43
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tail

head 22 43
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17

12 7 34

tail

head 22 43
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ArrayList LinkedList

add() Θ(1) (amortized) Θ(1)
set() Θ(1) Θ(n) (worst and expected)
get() Θ(1) Θ(n) (worst and expected)
remove() Θ(n) (worst and expected) Θ(n) (worst and expected)
insert() Θ(n) (worst and expected) Θ(n) (worst and expected)

push(14)

push(6)

push(15)

push(31)

push(4)

4

4

14

6

15

31

15 14631

2.3 Data structures built from abstractions

a b c d e

f g h i j

k l m n o

0

0

a f k b g l c h m d i n e j o
... ...

e j o

a f k

b g l

c h m

d i n
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Abstract
data type

data structure

Simple

Abstract
data type

data structure

Simple

Abstraction

data structure

Advanced 

enqueue(5)

enqueue(12)

enqueue(9)

enqueue(21)

remove()

enqueue(14)

enqueue(3)

remove() unused unused

1421 39

front back

enqueue(8)

remove()

enqueue(17)

enqueue(11)

remove()

enqueue(23) unused

front back

14 3 8 17 11 23

enqueue(25)

enqueue(6)
unused

frontback

14 3 8 17 11 2325 6

23

11

17

8

3 14

25

6
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data structure

data structure

ADT

Array queue

abstraction

Array

Queue

Ring buffer

ostrich giraffealligator jellyfish

Does it live in water?

Does it have teeth? Does it have feathers?

yes no

yes no

yes no


0.0 0.0 5.0 0.0 9.0
1.0 3.0 0.0 0.0 0.0
0.0 4.0 6.0 7.0 0.0
0.0 0.0 0.0 8.0 0.0
2.0 0.0 0.0 0.0 0.0


entries 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0

rows 1 4 1 2 0 2 2 3 0

colStarts 0 2 4 7 8
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2.4 Data structures adapted from ADTs

Original

oldOperation()

internal.oldOperation();

Client <<interface>>

Target

newOperation()

Adapter

− internal:Original

newOperation()

im
p

le
m

e
n

ts

internal.add(item);

− internal:List

ListQueue

enqueue(E)

front()

remove()

isEmpty()

− internal:List

ListStack

push(E)

top()

pop()

isEmpty()

enqueue(E)

front()

remove()

isEmpty()

<<interface>>

push(E)

top()

pop()

isEmpty()

Stack
<<interface>>

Queue

List
<<interface>>

add(E)

set(int,E)

remove(int)

insert(int,E)
size()

get(int)

im
p

le
m

e
n

ts

im
p

le
m

e
n

ts
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ADT
Queue

implementation

Any list

ADT

data structure

List queue

List

Alice

x2341

Bob

x5173

Carol

x3301

Dave

x7443

Eve

x3548

Alice

Bob

Carol

Dave

Eve

x2341

x5173

x3301

x7443

x3548
0 1 2 3 4

data structure

Array list

ADT

data structure

Bag set

Set

ADT

ADT

data structure

List map

Map

ADT

data structure

Map bag

Bag

data structure

Array

List
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2.5 ADTs and data structures in other languages

size

internal

capacity V i r g i l

title author pages

T e A e n e i d 267h

0

4

8

16

0 50 72 76
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head

tail
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8
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0 50 72 76
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4

8

16

1

add

size

head
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data
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insert

48

8

0

16

24

32

40
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title author pages

T e A e n e i d 267h

0 50 72 76

add

0

8

24

16 1
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set
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head

tail

size

V i r g i l

title author pages

T e A e n e i d 267h

0 72 80 8850

0

8

24

16 1

node.next

Collection

Set

dict

Container

__contains__()

Sequence

__getitem__()

Sized

__len__() __iter__()

Iterable

__getitem__()

Mapping

MutableMapping

__setitem__()

__delitem__()

list set

MutableSequence

__setitem__()

__delitem__()

insert()

append()

MutableSet

add()

discard()
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2.6 Programming practices

2 3 4 5 6 7 8

11

20 21 22 23 24 25 26

27 28 29 30 31 33 34 35

36 37 38 39 41 43

45 46 50 51 53

54 55 56 57 58 59 60 61 62

63 64 65 66 67 68 69 70 71

73 74 75 77 78 79 80

12 13 14 15 16 1710

10

9

18 19

32

42 44

5249

40

4847

72 76

0 1 2

543

6 7 8

10 2 3 4 5 6 7 8

0

2

3

4

5

6

7

8

1

enqueue(E)

front()

remove()

isEmpty()

enqueue(E)

front()

remove()

isEmpty()

ListSubclassQueue

top()

pop()

isEmpty()

push(E)

ListSubclassStack

internal.add(item);

<<interface>>

push(E)

top()

pop()

isEmpty()

Stack
<<interface>>

Queue

List
<<interface>>

add(E)

set(int,E)

remove(int)

insert(int,E)
size()

get(int)

im
p

le
m

e
n

ts

e
x
te

n
d

s

LinkedList

im
p

le
m

e
n

ts

im
p
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m

e
n

ts

2.7 The road ahead

2.8 Chapter summary
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Case studies

3.1 Linear-time sorting algorithms

Alice Bob Carol Dave Eve Fred Georgia Henry Ida Jack Karen . . .
2 4 2 1 1 3 4 0 2 3 0

81 6231

271 248

487

752 725 785

940 971 972 932 968

599 549

110 174 106 147

3.2 Disjoint sets and array forests

21



22 Chapter 3. Case studies

Dave

Bob

Alice

RalphGeorgia

Carol

Nate

Trent

Ida Jack

Eve

Wendy

Karen

Xavier
Zeke

LarryHenry

Pete

Fred

Sarah
Ursulla

Vick

Olivia

Queenie
Yvette

Moira

a + b d + c

f e

e * g

h

g
1

d
b

a c

Initial: 0 1 2 3 4 5 6 7

union(3, 5) 40 1 2 3 6 75

union(1, 7) 42 3 650 1 7

union(2, 3) 40 1 7 2 3 65

union(0, 4) 1 7 2 3 50 64

union(0, 3) 1 70 64 2 3 5

0

1

2

3

4

5
6

7

8

9

10

11
12

13

14

15

1 2 3 5

0 6 7

8

9 11

10 12

14

13 15

4
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7

8

0

1

2

3

4

5
6

7

8

9

10

11
12

13

14

15

1 2 3 5

0 6

4

9

10 12

14

13 15

11

0 0 0 0 3 6 6 11 7 9 11 11 11 14 12 14

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

data structure

data structure

Disjoint set
ADT

Array forest

abstraction

Array

Forest

connected(int,int)

BruteForceDisjointSet
parents: int[]

ArrayForestDisjointSet

finder: findStrategy

unioner: unionStrategy

find(int)

union(int, int)

count()

findAll(int)

connected(int,int)

count()

findAll(int)

DisjointSet

find(int)

union(int, int)

sizes: int[]

WeightedUnion

FindStrategy

find(int)

PlainFind CompressingFind

LazyUnion AggressiveUnion

UnionStrategy

union(int, int)

finder.find(p);

unioner.union(p,q);

im
p
le

m
e
n
ts

im
p
le

m
e
n
ts

im
p
le

m
e
n
ts

See Exercise ??

«interface» «interface»

«interface»
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Initial state 1 2 3 40 5 6 7 Final state

1

0

2

3

4

5

6

7

After union(0, 1) 1 2 3 4 5 6 7

0

After union(1, 2)

1

0

2 3 4 5 6 7

After union(2, 3)

1

0

2

3 4 5 6 7

Initial state 1 2 3 40 5 6 7 Final state

4321 5 6 7

0

After union(0, 1) 0

1

2 3 4 5 6 7

After union(1, 2) 3 4 5 6 7

1 2

0

After union(2, 3) 0

1 23

4 5 6 7
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3.3 Priority queues and heaps

data structure

data structure

ADT

abstraction

Priority queue

Sorted list

Underlying list

Sorted list

9

8 5

1427

3 6 0

9

8

45

7

36

1 0 2

9

86

4 3 5 7

021

3 6 0

7 2

8

9

5

4 1

9 8 5 7 2 4 31 6 0

3 6

7 2

8

9

5

4

0

1

9 8 5 7 2 4 3 6 01
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data structure

data structure

ADT

Array heap

abstraction

Array

Priority queue

Heap

21

17

514912

3 10 0

8

21

17

5149

3 10 0

12

8

21

17

5149

0

12

10

3 8

Nodes

1

2

3

4 16

8

4

2

10

Level

11 22 17 24 6 16 23 278 3

8

22

3 24 6

11

17

16 23 27
627 23 24 16 17 22 8 3 11

617

27

23 24

16 22

8 3 11
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623 24 16 17 22 8 311 27

617

24

16 22

8 3 27

11

23

61716

8 3 27

23

24

22

11

623 16 17 8 3 2724 22 11

616

8 27

22

11

24

23

3

17

616 8 2722 11 2423 17 3

616

2724

3

17

23

11

8

22

616 272417 3 2322 11 8

2724

3

23

11

8 22

17

16

6

27242311 317 16 6 228
2724

3

23

11

226 17

8

16

27242311 36 2216 8 17

272423

226 17

8 3

11

16

2724236 228 1711 3 16
272423

2217

3

16

8

6

11

27242322173 168 6 11

272423

22171611

6

83

272423221716116 3 8
272423

22171611

8

3

6

2724232217161183 6
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HeapPriorityQueue

internal: E[]

heapSize: int

compy: Comparator<E>

add(E)

decreaseKeyAt(int)

decrementHeapSize()

findKey(E)

get(int)

heapSize()

increaseKeyAt(int)

isEmpty()

isFull()

set(int, E)

swap(int, int)

Heap
isEmpty()
insert(E)
max()
extractMax()
contains(E)
increaseKey(E)
decreaseKey(E)

PriorityQueue
<<interface>>

im
p
le

m
e
n
ts

ListPriorityQueue SortedListPriorityQueue

24 28 15 20 19 7 8 3 26

72015

8 3 26

24

31

28

19

31 31 24 28 15 20 19 7 8 3 26

72015

8 3 26

24

31

28

19

31 24 28 15 19 7 8 326 20

715

8 3

24

31

28

19

20

26

31 28 15 19 7 8 3 202426

715

8 3

31

28

19

20

26

24

28 15 19 7 8 3242620

715

8 3

28

19

26

24

20

15 19 7 8 32426 2028

715

8 3

1924

26

28

20
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3.4 N-Sets and bit vectors

static int m(int a, int b) {

int c, d, e;

c = 5;

if (a < b) {

d = b;

e = a;

}

else {

d = a;

while (d < b) {

e = d;

d += 10;

}

}

return c + d + e;

}

d = b;

e = a;

d = a;

d < b

return c + d + e;

e = d;

d += 10;

c = 5;

a < b

c = 5;

a < b

{a,b,c}

{a,b}
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d = b;

e = a;

d = a;

d < b

e = d;

d += 10;

return c + d + e;

c = 5;

a < b

{a,b,c}

{a,b}

{a,b,c}

{a,b,c,d,e}

{a,b,c}

{a,b,c,d}

{a,b,c,d}

{a,b,c,d}

{a,b,c,d,e}

{a,b,c,d}

{a,b,c,d}

T T F T F T T T .

data structure

data structure

ADT

abstraction

Array

N−set

Bit vector

Bit vector

sparse 1 3 4 0 5 2

dense 6 0 12 1 3 7



3.5. Skip lists 31

Set
<<interface>>

BArrayNSet BitVecNSetNaiveNSetLinkedList

NSet
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3.5 Skip lists

RATFOX RAM CAT BAT PIG EWE EEL SOW COW DOE KIT PUP KOI BUG ANTFLY JAY TOMDOG

DOGFOX FLYRAM CAT BAT PIG EWE EEL SOW COW DOE KIT PUP KOI BUG ANT JAY TOMRAT

RATANT BAT BUG CAT COW DOE DOG EEL EWE FLY FOX JAY KIT KOI PIG PUP RAM SOW TOM

JAYCAT EELCOW DOE DOG KOIKITEWE FLY PIG PUP RAM RATANT BAT SOW TOMFOXBUG

PIGCAT DOGDOECOWBUG KITJAYFLY KOIFOXEWE RAMPUPBATANT SOW TOMRATEEL

DOE JAYFLY KOIFOXEWECOWBUGBATANT SOW TOMRATPIG RAMPUPEELCAT DOG KIT

KITFLY KOIFOXEWEBATANT SOW TOMRATPIG RAMPUPEELCAT DOGDOECOWBUG JAY
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ANT KOIFOXEWE SOW TOMRATPIG RAMPUPEELCAT DOGDOECOW JAYBUG KITBAT FLY

EWEANT SOW TOMRATPIG RAMPUPEELCAT DOGDOECOWBUG KITJAYFLY KOIFOXBAT

EWEANT SOW TOMRATPIG RAMPUPEELCAT DOGDOECOWBUG KITJAYFLY KOIFOXBAT

EWEANT SOW TOMRATPIG RAMPUPEELCAT DOGDOECOWBUG KITJAYFLY KOIFOXBAT

SOWJAYFLY KOIFOXEWE RATPUPPIG RAM TOMBATANT DOGDOECOWBUG CAT EEL KIT

ANT BAT BUG CAT DOE DOGCOW CUR EEL

BATANT CUR EELBUG CAT COW DOE DOG

EELCAT DOGDOECOWBUG KITJAYFLY KOIFOXEWEBATANT SOW TOMRATPUPPIG RAM
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KITJAYFLY KOIFOXEWEBATANT EELCAT DOGDOEBUG COW RATPUPPIG RAM SOW TOM

EWEBATANT BUG CAT COW DOGDOE EEL

BATANT CURBUG CAT COW DOE DOG EWEEEL

BATANT EWECURBUG CAT COW DOE DOG EEL

BATANT CURBUG CAT COW EWEDOE EEL

3.6 Chapter summary
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ModemISP Firewall Router

Server Printer Desktop DesktopDesktop

WiFi
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Water Carbon dioxide Propane

physiological cause?

Unknown genetic cause?

Eustachian dysfunction

Frequent ear infections

Growth hormone 

deficiency

Bad eating habits

Small statureSpeech delay

Pituitary abnormalityCleft lip and palate food allergies
Severe multiple

Unknown common

An undirected graph A directed graph A directed graph A simple
with parallel edges with a self-loop directed graph
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4.2 Implementation
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Adjacency set abstraction

Graph ADT

data structure

Array

data structure

Linked list

List ADT

data structure
ListSet 

Set ADT

Adjacency list data structure

0

1

2

3

4
5

6
7

0 1 2 3 4 5 6 7
0 T T
1 T T T
2 T T T
3 T T
4 T
5 T T
6 T
7 T T

Two−dimensional array

data structure

data structure

Adjacency matrix

Graph ADT
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4.3 Traversal
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0 Initially the starting point, 0, is dis-
covered and in the worklist—the top
of the DFT stack and the front of the
BFT queue.

0

1 2 3

4

5 6

7 8

1

2

3

0

1 2 3

4

5 6

7 8

1 2 3 In either algorithm, 0 is removed
from the worklist and its adjacents—
all of them newly discovered—are
added to the worklist. For DFT, 3 is
at the top of the stack, but for BFT, 1
is at the front of the queue.
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2 3 4 5 DFT pops and visits 3, whose ad-
jacents are 0 and 6. DFT ignores 0
because it’s already discovered, but
pushes 6. BFT removes 1, visits it,
and enqueues its adjacents 4 and 5.
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8
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7 8

3 4 5 6 DFT pops 6. There is one adjacent
vertex, 8, and since it’s undiscovered,
it is pushed. BFT removes 2. The
adjacents 1 and 5 are already discov-
ered, but newly discovered adjacent
6 is enqueued.

0

1 2 3

4

5 6

7 8
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7
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4
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4 5 6 DFT pops 8, which is adjacent to
3 and 7. Of them only 7 is newly
discovered, and it is pushed. BFT
removes 3, but its adjacents 0 and 6
are already discovered. Nothing is
enqueued.
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5 6 7 DFT pops 7 and discovers the ad-
jacent 5, which is pushed. BDF
removes 4. The only adjacent, 7, is
newly discovered and enqueued.

0

1 2 3

4

5 6

7 8

1

2

0

1 2 3

4

5 6

7 8

6 7 8

DFT pops 5, but its only adjacent,
8, is already discovered. This termi-
nates a path from 0 to 5 explored
over the previous five steps. BFT also
removes 5, but here the adjacent 8
is newly discovered and enqueued.
Now BFT has discovered all vertices;
its remaining steps empty the queue.



42 Chapter 4. Graphs

0

1 2 3

4

5 6

7 8

1

0

1 2 3

4

5 6

7 8

7 8 DFT effectively backtracks back to
vertex 2, which is popped. The adja-
cent vertices 1, 5, and 6 are already
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BFT removes 6, but its only adjacent
8 is already discovered, and nothing
is enqueued.
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8 DFT pops 1, which has adjacents 4
and 5, and pushes the newly discov-
ered 4. DFT has now discovered all
vertices. BFT removes 7, but its only
adjacent, 5, is already discovered.
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DFT pops 4, and BFT removes 8.
Both worklists now emptied, the
algorithms terminate.

0

0

2

1

3

4

5

6 0

2

1

3

4

5

6

1 2

0

2

1

3

4

5

6

2 3

0

2

1

3

4

5

6

3 5

0

2

1

3

4

5

6

5

0

2

1

3

4

5

6



4.3. Traversal 43

874 5 6

321

0

3

2

1

0

0

1 2 3

4

5 6

7 8

c3V

c1

c7

c0V

c2(V + 1)

c4(V + E)

c5E

c6(V − 1)



44 Chapter 4. Graphs

0

1 2 3

4

5 6

7 8

0

0

1 2 3

4

5 6

7 8

0

1

0

1 2 3

4

5 6

7 8

0

1

4

The call to visit the starting
point is on the stack, a root of
subsequent calls.

The loop over 0’s adjacents
discovers 1 which it visits, re-
cursively calling the function.

The consequent loop over 1’s
adjacents results in a call to
visit 4.
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From 4 we discover 7. . . . . . from 7 we discover 5 . . . . . . and from 5 we discover 8.
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From 8 we discover 3. By this
point we have seven calls to
depth_first_r() that are ac-
tive. The loops over adjacent
vertices in all the calls below
the top are paused.

In the loop over 3’s adja-
cents, 0 is already discovered
and so we skip it, and call
depth_first_r() on the
newly discovered 6.

Now 6’s only adjacent, 8, is
already discovered. The call
to visit 6 returns, and 6 is
finished.
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The loop over 3’s adjacents
resumes but is immediately
complete. The call to visit 3
returns, and 3 is finished.

The loop over 8’s adjacents
resumes, but since 7 is al-
ready discovered, the call
to visit 8 returns, and 8 is
finished.

Similarly the call to visit 5
returns, since its loop ter-
minates immediately after
resuming. 5 is now finished.
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The call to visit 7 also returns
immediately after resuming.
7 is now finished.

The recursion winds its way
back to the call to visit 1.

The call returns, and 1 is fin-
ished. Now we’re back to the
call visiting 0.
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Next depth_first_r() is
called on 0’s adjacent 2. All
of 2’s adjacents are already
discovered, so visiting 2 re-
sults in no more recursive
calls.

Back at 0 again, its remaining
adjacent 3 is already dis-
covered, so again no more
recursive calls are made.

All recursive calls have re-
turned. We re-highlight all
the edges that were followed
so we can see the complete
traversal tree as captured by
the parents list
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4.4 Minimum spanning trees
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Initially all vertices have no prospective par-
ent and infinite distance bound.

Suppose 0 is removed from the worklist.
Relaxing its edges gives vertices 1, 2, and 3
smaller distance bounds and 0 as prospec-
tive parent.
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Having least distance bound, 3 is removed
from the worklist and edge (0, 3) is added
to the tree. Relaxing 3’s edges results in
new distance bounds for 2, 4, and 5, and
3 is their new prospective parent, but no
change for 1.

With distance bound 3, vertex 2 is next out
of the worklist. We relax the edge (2, 5),
with 5’s prospective parent changing to 2.
The other vertices adjacent to 2 are already
connected.

1

2

3

4

5

6

1

5

2

412 11

3 9
8

0

10

6

6 2

10

1

2

3

4

5

6

1

5

2

412 11

3 9
8

0

10

6

6

4

Vertex 5 has least distance bound, and its
prospective parent 2 becomes its definite
parent in the tree. Relaxing edges (5, 4) and
(5, 6) makes 5 the prospective parent of 4
and 6.

With distance bound 2, vertex 4 is next. The
edge (4, 6) is a shorter edge to connect 6 to
the tree than (5, 6), and so 4 becomes 6’s
prospective parent.
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Vertex 6 is removed from the worklist and
edge (4, 6) is added to the tree. All of 6’s
adjacents are already connected—no further
changes.

The last vertex in the worklist is removed,
and edge (0, 1) is added to the tree. The
algorithm is finished.
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Relaxing edge (0, 1) discovers a distance bound
for vertex 1 and sets 1’s prospective parent to 0.

We relax edge (0, 2).
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We relax edge (0, 3). We relax edge (1, 4).
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Relaxing edge (2, 3) does not find an improve-
ment for vertex 3, but relaxing edge (2, 5) sets 5’s
distance bound to 2.

Relaxing edge (3, 4) discovers a shorter path to
4. We update distance bound and prospective
parent.
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We relax edge (3, 5) to no improvement. We also
relax edge (3, 6).

We relax edge (4, 7) to find distance bound 19 for
vertex 7.
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Relaxing edge (5, 6) provides no improvement for
vertex 6, but relaxing edge (5, 8) finds a distance
bound of 3 for vertex 8.

Relaxing the outgoing edges from vertices 6 and 7
finds no improvement. We relax edge (8, 9) to set
9’s distance bound to 4.

4

2

9

1 1

1

1

9

10

13

3

2

3

145

6

4

0
5

71

85

6

3

3

1

9

13

21

10

1 3

4

5
4

2

9

1 1

1

1

9

10

13

3

2

3

145

6

4

0
5

71

85

6

3

3

1

9

13

21 1 3

4

5

6

Relaxing edge (9, 7) finds an improvement for
vertex 7. This completes the first round of relax-
ations.

The second round of relaxations repeats the entire
process, but the only improvement is found by re-
laxing edge (7, 6). Vertex 7 is 6’s new prospective
parent.
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A third round of relaxations discovers a shorter
path for vertex 4 when edge (6, 4) is relaxed.

A fourth round of relaxations discovers no im-
provements. We have converged on the shortest
path tree.
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Vertices 1, 2, and 3 each have only one outgoing
edge. Their distance bound is ∞ when those
edges are relaxed on the first round, which
doesn’t change the initial distance bounds and
parents of vertices 0, 1, and 2. When the outgoing
edges of 4 are relaxed, 4 becomes the prospective
parent of each of the other vertices. That results
in a correct distance bound for vertex 3, but no
others.

Relaxing edge (1, 0) on the second round reveals
a path of total weight 9 + 1 = 10 to vertex 0. This
is worse than the distance 8 already known, so
there is no change to 0. Similarly, the relaxation of
(2, 1) effects no change. But relaxing edge (3, 2)
uncovers the shortest path to vertex 2.

0

1

2

3

1

1

1

4

1

10

9

8

1

3

8

2

0

1

2

3

1

1

1

4

1

10

9

8

1

3

4

2

With 2’s correct distance having been discovered
on the second round, relaxing (2, 1) reveals 1’s
correct distance on the third round. Unfortu-
nately, the third-round relaxation of edge (1, 0)
has already happened, and so . . .

. . . it is not until the fourth round that 1’s correct
distance bound allows us to find the correct dis-
tance for 0 when (1, 0) is relaxed.
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Initially all vertices have infinite distance except
the source, 0.

After relaxing 0’s edges, 0 is the prospective par-
ent of vertices 1, 2, and 3, which now have finite
distance bounds.
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Vertex 2 has lowest distance bound. Relaxing
(2, 3) doesn’t change 3, but relaxing (2, 5) sets 2 as
5’s prospective parent.

Vertex 5 has lowest distance bound. We relax its
outgoing edges, and now 6 and 8 have finite dis-
tance bounds.
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Vertices 1 and 8 are tied for least bound. Let’s
break the tie by relaxing 1. Vertex 4 now has dis-
tance bound 19.

Vertex 8 has lowest distance bound. Relaxing
(8, 9) sets 8 as 9’s prospective parent. Vertex 9 has
distance bound 4.



56 Chapter 4. Graphs

194

2

9

1 1

1

1

9

10

13

3

2

3

145

6

4

0
5

71

85

6

3

1

9

1 1

5

16

194

2

9

1 1

1

1

9

10

13

3

2

3

145

6

4

0
5

71

85

6

3
9

1 1

6

Vertex 9 is next, and we relax its outgoing edge
(9, 7). Vertex 7 has distance bound 5.

Vertex 7 is next. Relaxing the edge (7, 6) reveals
a shorter path for vertex 6. We update distance
bound and prospective parent.
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Next we relax the outgoing edges from 6. This finds a shorter
path to 4. We still need to relax the edges from vertices 3 and
4, but they effect no change. With the priority queue empty,
the algorithm terminates.
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5.1 Binary search trees
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The call to put() starts at the
root.

Descending to the right,
put() is called on H.

Descending to the left, put()
is called on E.
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The process descends to the
right again with another re-
cursive call to put().

G is inserted as F’s right child.
After checking for imbalance,
the call returns.

The call to put() on E re-
sumes, checks for imbalance,
and returns.
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Back at H, suppose the imbal-
ance at this subtree exceeds
acceptable levels.

A left rotation is performed
about H’s left child.

This is followed by a right
rotation about H. That call to
put() returns.
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5.4 Traditional red-black trees
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After the initial put we have
one node, which we paint
black.

A second put, with a key less
than the root, is inserted as
a left child and leaf. New
leaves are red.

Similarly, a put with a key
greater than the root results
in another red leaf. The entire
tree has black height 1, with
a “black level” and a “red
level.”
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Putting a new minimum key,
B, entails inserting a red leaf
off the C node. This incurs a
double-red violation.

We fix this by pushing the
redness of the C-E level up.

The tree has grown. We rec-
ognize this by blackening the
root, which increments the
entire tree’s black height.
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Putting yet another new min-
imum key, A, also incurs a
double-red violation, but this
one cannot be fixed by mere
recoloring.

Instead, we rotate about C.
The result is more balanced,
but not a legal red-black
tree. . .

. . . until we recolor. Nodes
A, C make an incomplete red
level.
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Initially the tree has black
height 3. We can delete a red
leaf like the A node. . .

. . . without any violations to
the tree. Similarly, removing
the key B means replacing
that key with its successor, C,
and deleting that successor
node. Since that happens to
be a red leaf. . .

. . . that deletion also incurs
no violation. But suppose
now we remove key C, whose
node is a leaf but is black.
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Now the node D has an in-
consistent black height—0
on the left and 1 on the right.
This needs to be fixed.

Since D’s child with greater
black height is itself black
and has no red children, we
can reduce its black height by
reddening it. D’s black height
is consistent, but it has de-
creased. Its parent F now has
inconsistent black height—1
on the left and 2 on the right.

A left-rotation about F and
appropriate recoloring pro-
duces a replacement subtree
rooted at H that not only has
a consistent black height but
also a black height equal to
that of the subtree it replaces.
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blacken B

α β

(h−1)

δ(h−1)

ζε(h−2) (h−2)

γ
(h−1)(h−2)(h−2)

(h−1)

α β

(h)(h−1)

γ δ ζ

y

D

E

x

C

C E

BA

B C

A

A D

B

E

D

All black.

(h−1)

γ δ ζε

(h−1) (h−1)(h−2) (h−2)

(h−2) (h−2) (h−2) (h−2)(h−2) (h−2) (h−2) (h−2)

redden D

α β

(h−1)(h−1)

γ δ ζε

(h−1) (h−1)(h−2) (h−2)
α β

(h)

A D

BB

C E

y

C E

x

A D
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Black height Height Nodes

1 2 2

2 4 6

3 6 14

4 8 30

5.5 Left-leaning red-black trees

30

20

16 35

4010

138

5 9

18

1917

25

23



5.5. Left-leaning red-black trees 75

D D

C

D

EC

After the initial put we have
one node, which we paint
black.

A second put, with a key less
than the root, is inserted as
a left child and leaf. New
leaves are red.

A put with a key greater than
the root results in red leaf to
the right. This is a right red
violation.

C

D

E

D

EC C E

D

B

Since the red right child has
a red sibling, we fix the viola-
tion by pushing the redness
up to the parent.

The tree has grown. We rec-
ognize this by blackening the
root, which increments the
entire tree’s black height.

Putting a new minimum key,
B, means inserting a red leaf
off the C node. There is no
violation.

C

D

B

E

A

E

D

A C

B

A

B E

D

C

Putting yet another minimum
key, A, incurs a double-red vio-
lation, which cannot be fixed
by recoloring.

Instead, we rotate about C . . . . . . and recolor, though dif-
ferently from a traditional
red-black tree.
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Both red

α β γ δ

B

CAA

redden B

blacken A and C

α β γ δ

B

C

Right red

B gets A’s color

redden A

α

A

rotate left about A

α

B

γβ

A

γ

B

β

Left-left double-red

β γ δ

B

CA

α

C

B

γ

δ

rotate right about C

redden A

A

α β

Right deficient, right red.

blacken C

α β

(h) (h)

γ δ(h−1) (h−1)α β

(h) (h−1)

γ δ(h−1) (h−1)

B B

AA C C
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Right deficient, left red, left-right-left red.

rotate left about A

β(h−1)

α(h)

γ (h−1)

δ(h−1)

(h)

(h)

(h+1)

(h)

rotate right about D

α

β γ

δ

ε (h−1)

(h)

(h)

(h−1)
(h−1)

(h−1)(h−1)

(h)

ε (h−1)

δ (h−1)

β γ (h−1)(h−1)

(h−1)
α(h)

ε (h−1)

blacken B

B

A D

D

A

A

B

D

C

C

C

B

Right deficient, left red, left-right-left black.

α

blacken A
(h)

(h)

(h−1)

(h)

β

δ

γ

(h−1)

rotate right about C

(h−1)

(h)

(h+1)

α

β γ

δ

(h)

(h−1) (h−1)

(h−1)(h−1)

redden B

B

B

C

A
C

A

Right deficient, left-left red.

blacken A and C

(h−1)α γ δβ(h−1) (h−1) (h−1)

(h)

rotate right about D

B gets C’s color

β

γ

δ

(h)

(h−1)
(h−1)

α (h−1) (h−1)

(h−1) (h)

A C

B

A

B

C
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Right deficient, all black.

(h−1)

β

γ

δ

(h−1)

(h−1)
(h−1)

α (h−1) (h−1)β

γ

δ

(h)

(h−1)
(h−1)

α (h−1) (h−1)

(h−1)

redden B

A

B

A

B

C C

Left deficient, left red.

(h−1)

blacken C

γ δ

(h−1) (h)

(h−1) (h−1) (h−1) (h−1) (h−1) (h−1)(h−1)
α β

(h) (h)

γ δα β

A CC

B B

A

Left deficient, right-left red.

(h−2)

γ δ(h−1)

(h) (h)

(h−1)
ε (h−1)

(h−1)

(h−1) (h−2)(h−2)

rotate left about B

C gets B’s color

blacken B

α β

(h−1)

(h−1)(h−1) (h−2)

(h)

rotate right about D

α β

(h−1)

δ

γ
(h−1)

ε

α β

(h)(h−1)

γ δ

(h−1)(h−2) (h−2)

(h−1)

ε

C D

C A

A D A

BB

B

C

D



5.5. Left-leaning red-black trees 79

Left deficient, all black.

redden B

β

γ

δ

(h−2) (h−2)

(h−1)

(h−1)

(h−1)

C gets B’s color

rotate left about B

(h−1)

α β

(h)(h−1)

(h−2) (h−2)

γ δ
(h−1) (h−1)

α

C

A

B

A

BC
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Perfect

Height: 4

Leaf percentage: 53.5%
Total depth: 49

Worst

Height: 15

Leaf percentage: 6.7%
Total depth: 120

AVL

Height: 5

Leaf percentage: 46.7%
Total depth: 51

Red-black

Height: 5

Leaf percentage: 46.7%
Total depth: 52

Left-leaning red-black

Height: 6

Leaf percentage: 46.7%
Total depth: 53
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5.6 B-trees

D

C
C

D

B

B A

A

EE

B

D

E E

D

B

Consider this two-three tree,
which happens to have all
two-nodes . . .

. . . and the equivalent red-
black tree, with all black
nodes.

D

EBA

B E

A

D

If we insert the key A, it is
absorbed by the node con-
taining B. That node becomes
a three-node.

Inserting the same key into
the equivalent red-black tree
results in a new red leaf.

D

ECB C

B E

D

C E

D

B

If, instead, we insert the key
C into the original two-three
tree, that new key is absorbed
the same way.

In a red-black tree, the new
key is again inserted as a red
leaf . . .

. . . but a left-leaning red-black
tree needs to be fixed up by a
rotation and recoloring.
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D

ECA

B

E

B D

A C A C

B E

D

If we take either of the trees
from the previous set of ex-
amples and add the other
key—either C after A or A
after C—then the three-node
splits, resulting in two new
two-nodes, plus a key (and
value) sent up one level.

The key B is absorbed into
the root two-node, which
becomes a three-node whose
children are the new nodes
plus the old right child.

In a left-leaning red-black
tree, these situations are han-
dled by “pushing redness
up” to the B node.

L

B

CA

N P

I K O QM

H J

E G

D

L

D P

B J

C H K

N

M O

Q

IG

E

A

This two-three tree has a path from root to a
leaf on which all nodes are three-nodes.

The equivalent path in the equivalent left-
leaning red-black tree alternates black and
red nodes.

P

I K O QM

D L

H J

E G

B

CA

N

A call to put() with the new key F follows
that path, finding F’s would-be place in the
three-node with E and G.
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A

N P

I K O QME G

F

H J

D L

B

C

The three-node leaf is split. The “shards”—
two new two-nodes and a key (and a value)—
are sent up to the parent level.

I K O QME G

H

B

CA

F J

D L

N P

The mid-level three-node that would absorb
the shards of the leaf-level split also splits,
and sends its shards up to the root.

I K O QME G

B

CA

F J

D L

N P

H

N

M O

Q

D

B

H

J

A C E G

F

L

I K

P

The shards of the root-level split are assem-
bled into a two-node that becomes the new
root.

The left-leaning red-black tree that results
from the same insertion has black height one
higher than before.

D

B

A C E F

G

H A

B

C

D

FE A B

C

D E



84 Chapter 5. Search trees

15 2312 25 29 31 32 38 43 49 56 58 63

15 49

25 38 58

12 23 29 32 43 56 63

8

5

85

21 29

23 27 302 7 11 14 20

135

8 26

17 47

38 54

42 51 58

41 44 50 53 57 5933 37

35

113

141

170

195

228

259 436

400

372

347

281

313

60

31 88

2 5 7 8 11 13 14 17 20 21 23 26 27 29 30

31 60 88 113 141 195170 259 228 281 313 347 372 400 436

33 35 37 38 41 42 44 47 50 51 53 54 57 58 59
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9 10 1150 12

and BEE

Subtree with keys Subtree with keys

between ANTless than ANT

Subtree with keys

greater than WASP

1 2 3 4 6 7 8 9 10 1150

1 2 3 4 6 7 8

FLY GRUB TICK WASPBEE FLEA GNAT MOTHMITE NITANT BUG

A N T \0

B E E \0

W A S P \0

96 100 140 1440 8 88 152 240 248 252

5 12 33

keys

eight bytes each position

values

four bytes each position

children

eight bytes each position

13

deg

node for keys
less than
ANT

node for keys

between
and BEE

ANT

node for keys

greater than

WASP

offset 

in struct

6435 73415063 5571 5994 6888

33 35 37

31 60 88 113 141 195170 259 228 281 313 347 372 400 436

38 41 42 44 47 50 51 53 54 57 58 592 5 7 8 11 13 14 17 20 21 23 26 27 29 30

470 977 1381 1859 2276 3190 3622 4149 4587

2 5 9 12 13

17

20 22 25

26

29 31 33 36

37

39 40 45 47

48

51 52 57

2 5 9 12 13

17

20 22 25

26

29 31 33 36

37

39 40

48

51 52 57474541
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17

20 22 25

26

29 31 33 36

37

39 40

48

51 52 57474541

2 5

9

12 1310

12 13102 5

483726179

20 22 25 29 31 33 36 39 40 51 52 57474541

12 13102 5

483726179

51 52 5720 22 25 29 31 33 36

39 40

41

45 4742

12 13102 5 51 52 5745 474239 40

179

20 22 25 29 31 33 36

26

4837 41

12 13102 5 51 52 5745 474239 40

179

20 22 25 29 31 33 36

26

4837 41
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α β γ δ ε ζ η θ ι κ λ µ ν

10712013114315818 32 55 68 81 89 98

47

Α Β

18 32

α β

10712013114315855 68 81 89 98

δ ε ζ η θ ι κ λ µ ν

47

Α Β

Α

Suppose that the shard key is 47 and that its
least upper bound is in postion 2.

The child it came from, γ, is deleted, and 47
with its shard children are virtually inserted
to make an overfull node.

10712013114315898

η θ ι κ λ µ ν

18 32

α β

81685547

ζεδ

89

Α Β

That virtual node is split into two half-filled
nodes with key 89 in the middle.

α β γ δ ε ζ η θ ι κ λ µ ν

10712013114315818 32 55 68 81 89 98

92

Γ ∆

18 32 55 68 81 89

α β γ δ ε ζ

10712013114315898

θ ι κ λ µ ν

92

Γ ∆

Γ

Suppose the shard key is 92 and that its
least upper bound position is half the num-
ber of keys.

The child it came from, η, is deleted, and 92
with its shard children are virtually inserted
to make an overfull node.

10712013114315898

θ ι κ λ µ ν∆γβα δ ε ζ Γ

9218 8981685532

But forget about a virtual node—the real
node is split exactly in half, and 92 is the
shard key at this level as well.

10712013114315818 32 55 68 81 89 98

177

α β δ ε η θ ι κ λ µ νγ ζ

Ε Ζ

10712013114315818 32 55 68 81 89 98

Ζ

α β δ ζ η θ ι κ λ µ

177

Ε Ζγ ε

Suppose the shard key is 177 and that it’s
the extreme case, greater than all of the keys
at this node.

The child it came from, ν, is deleted, and
177 with its shard children are virtually
inserted to make an overfull node.

θ ι κ λ µ

131107120 14315818 32 55 68 81 89 98

α β γ δ ε ζ η Ε Ζ

177

That virtual node is split into two half-filled
nodes with key 98 in the middle.
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5.7 Chapter summary

FD

B

E

C

A

G

[−1]

(3)

(1)

[0]

(1)

[1]

(2)
[0]

(1)

(2)

[1]

[1]

(4)

[0]

E

GB

A D

C

F

E

A C D F G

B

B E

A C D F G



6
Dynamic programming

6.1 Overlapping subproblems

fib(0)

fib(6)

fib(5) fib(4)

fib(4) fib(3) fib(3) fib(2)

fib(3) fib(2) fib(2) fib(1) fib(2) fib(1) fib(1) fib(0)

fib(2) fib(1) fib(1) fib(0) fib(1) fib(0) fib(1) fib(0)

fib(1)

C[14][1] C[10][1] C[8][1] C[6][1] C[4][1] C[2][1] C[0][1]

C[8][2]C[14][2] C[2][2]

C[14][3]

C[14][0]

C[11][0]

C[10][0]

C[8][0]

C[7][0] C[5][0] C[4][0]

C[6][0]

C[3][0] C[1][0]

C[0][0]C[2][0]

89
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coin values
6 3 0 1 2 1 1 2 1 2 2 2 2 3 2 3 3

4 2 0 1 2 1 1 2 2 2 2 3 3 3 3 4 4

3 1 0 1 2 1 2 3 2 3 4 3 4 5 4 5 6

1 0 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
amounts

def make_change(amount, denoms):

fewest_coins = [[None for j in range(len(denoms))]

for i in range(amount + 1)]

coins_to_take = [[None for j in range(len(denoms))]

for i in range(amount + 1)]

for j in range(len(denoms)) :

fewest_coins[0][j] = 0

coins_to_take[0][j] = 0

for i in range(amount + 1) :

fewest_coins[i][0] = i

coins_to_take[i][0] = i

for i in range(1,amount + 1) : # For each sub-amount

for j in range(1,len(denoms)) : # For each range of denominations

# Initially assume the best we can do is take 0 coins

# of the current (jth) denomination

best_coins = fewest_coins[i][j-1]

best_take = 0

k = 1

while k * denoms[j] <= i :

coins = k + fewest_coins[i - k * denoms[j]][j-1]

if coins <= best_coins :

best_coins = coins

best_take = k

k += 1

# Record the smallest number of coins and how many of

# this denomination to get that number of coins

fewest_coins[i][j] = best_coins

coins_to_take[i][j] = best_take
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3 0/0 1/0 2/0 1/0 1/0 2/0 1/1 2/1 2/0 2/1 2/1 3/1 2/2 3/2 3/1

2 0/0 1/0 2/0 1/0 1/1 2/1 2/0 2/1 2/2 3/2 3/1 3/2 3/3 4/3 4/2

1 0/0 1/0 2/0 1/1 2/1 3/1 2/2 3/2 4/2 3/3 4/3 5/3 4/4 5/4 6/4

0 0/0 1/1 2/2 3/3 4/4 5/5 6/6 7/7 8/8 9/9 10/10 11/11 12/12 13/13 14/14

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
amounts

6.2 Three problems

0 1 4 5 8 10

r e d b l a c k t r e e r e l a t e

0 1 2 3 4 5 6 7 8 9 10 11 0 1 2 3 4 5

d a t a s t r u c t u r e s

0 1 2 3 4 5 6 7 8 9 10 11 12 13

a l g o r i t h m s

0 1 2 3 4 5 6 7 8 9

6.3 Elements of dynamic programming

0

2

3

4

8

2

1 3

6.4 Three solutions

it
em

s

4 0/S 150/S 150/S 150/S 150/S 190/T 200/S 220/S 220/S 220/S 240/T
3 0/S 150/S 150/S 150/S 150/S 150/S 200/T 220/S 220/S 220/S 220/S
2 0/S 150/S 150/S 150/S 150/S 150/S 150/S 220/T 220/T 220/T 220/T
1 0/S 150/S 150/S 150/S 150/S 150/S 150/S 150/S 150/S 150/S 150/S
0 0/S 150/T 150/T 150/T 150/T 150/T 150/T 150/T 150/T 150/T 150/T

0 1 2 3 4 5 6 7 8 9 10
capacities
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s 10 0 0/1 1/1 2/1 2/1 3/0 3/-1 3/-1 3/-1 3/-1 3/1 3/1 3/1 3/1 4/0

m 9 0 0/1 1/1 2/1 2/1 2/1 2/1 2/1 2/1 2/1 3/1 3/1 3/1 3/1 3/1

h 8 0 0/1 1/1 2/1 2/1 2/1 2/1 2/1 2/1 2/1 3/1 3/1 3/1 3/1 3/1

t 7 0 0/1 1/1 2/0 2/-1 2/-1 2/0 2/1 2/1 2/1 3/0 3/-1 3/-1 3/-1 3/-1
i 6 0 0/1 1/1 1/1 1/1 1/1 1/1 2/1 2/1 2/1 2/1 2/1 2/1 2/1 2/1

r 5 0 0/1 1/1 1/1 1/1 1/1 1/1 2/0 2/-1 2/-1 2/-1 2/-1 2/0 2/-1 2/-1
o 4 0 0/1 1/1 1/1 1/1 1/1 1/1 1/1 1/1 1/1 1/1 1/1 1/1 1/1 1/1

g 3 0 0/1 1/1 1/1 1/1 1/1 1/1 1/1 1/1 1/1 1/1 1/1 1/1 1/1 1/1

l 2 0 0/1 1/1 1/1 1/1 1/1 1/1 1/1 1/1 1/1 1/1 1/1 1/1 1/1 1/1

a 1 0 0/1 1/0 1/-1 1/0 1/-1 1/-1 1/-1 1/-1 1/-1 1/-1 1/-1 1/-1 1/-1 1/-1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
d a t a s t r u c t u r e s

8
7 3 4 5 6

6 6

5 5

4 4

3 3

2
1
0

0 1 2 3 4 5 6 7 8

597/3 582/3

558/3 600/3

402/3 324/3 420/0

156/3 180/1 600/1

126/3 84/2

0 0 0 0 0 0 0

0

1

2

3

4

5

6

6

354/3

162/4 224/1 320/0270/5

297/5 351/3

441/3

867/3

i j
5

4

3

2

1

0
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597/3 582/3

558/3 600/3

402/3 324/3 420/0

156/3 180/1 600/1

126/3 84/2

0 0 0 0 0 0 0

0

1

2

3

4

5

6

6

354/3

162/4 224/1 320/0270/5

297/5 351/3

441/3

867/3

i j
5

4

3

2

1

0

236

1

8 2 4 6

3104

m m

m m m

m

mm

m m

m

mm

m

0

0
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hotel

attraction

1

1

4

2

1

9

4

6

7

5

2

8

6.5 Optimal binary search trees

Key or miss event combined frequency
{ } 0

a 59

{ am and anywhere are be boat box car could dark } 92

do 36

{ eat eggs fox goat good green ham here house } 86

i 84

{ if let } 5

in 40

{ } 0

like 44

{ may me mouse } 16

not 83

{ on or rain same say see so thank that the } 65

then 61

{ there they train tree try will with would } 99

you 34

{ } 0
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.001 .113 .107 .006

i .104a .073

do .045

.001

like .055

you .042

then .076

not .103

.02 .081

.122

.001

in .05

you .042

.122 .001

.107a .073

.113.001

do .045

i .104

then .076

in .05

.001.006

.02

like .055

not .103

.081

best

subtree for

qi

[i + 1, j]

ki

best

subtree for

k j

[i, j − 1]

qj+1

best

subtree for

best

subtree for

kr

[r + 1, j][i, r − 1]

qi + C[i + 1][j] C[i][j − 1] + qj+1 C[i][r − 1] + C[r + 1][j]

k fka kc kdkbke

C[c][d]C[a][b]

C[e][ f ]
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2.916/2

2.125/5

.818/1 .691/6

.301 .485 .33 .064 .097 .305 .482 .288

3.205/2

2.819/5

2.119/2 2.567/5

1.458/61.873/51.783/21.538/2

1.202/2 1.247/21.24/1 1.212/5 1.227/6

1.038/61.018/6.613/5.666/2.975/21.08/1

.747/1 .439/2 .216/4 .438/5 .829/6

7

6

5

4

3

2

1

0

0

1

2

3

4

5

6

7

i j

6.6 Natural-breaks classification

A

B

C

D

100

90

80

70

60

100

90

80

70

60

B/C

A/B

C/D
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http://www.science.smith.edu/sal/2014/02/19/february-mystery-map-solution-revealed/

. . .︸ ︷︷ ︸
m points, each in
their own class

m n

︸ ︷︷ ︸
m points, all
in one class

m n

j − 1 m n︸ ︷︷ ︸
candidate positions to

break interval

4 0.0/4 0.1/4 1.6/4 7.0/6 8.4/6 10.0/6 11.8/6 22.7/10 23.9/10

3 0.0/3 0.1/3 5.2/3 7.0/4 16.4/5 19.4/6 21.0/6 22.7/6 45.6/6

2 0.0/2 0.1/2 5.5/3 10.7/3 17.9/3 41.4/3 66.1/4 79.6/4 91.5/4

1 0.0/0 0.1/0 5.5/0 37.2/0 89.4/0 144.9/0 234.1/0 329.5/0 415.5/0

1 2 3 4 5 6 7 8 9 10 11 12
72.7 73.2 75.8 80.4 83.6 85.3 88.7 90.4 91.1 91.6 95.8 97.3

6.7 Chapter summary

http://www.science.smith.edu/sal/2014/02/19/february-mystery-map-solution-revealed/




7
Hash tables

7.1 Hash table basics

0

1

3

2

4

A

V

R

S

J

P

G

D

S X J V X A X X D P R G

A X P D R S G X V J X X X

7.2 Separate chaining

AUGUSTUS

TIBERIUS

CALIGULA

CLAUDIUS

NERO

GALBA

OTHO VITELLIUS VESPASIAN

TITUS

DOMITIAN

NERVA

TRAJAN

HADRIAN

COMMODUS
key

h(k)

MARCUS

ANTONINUS
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AUGUSTUS

CLAUDIUS

GALBA

OTHO VITELLIUS VESPASIAN

NERVA

TRAJAN

DOMITIAN

NERO

TIBERIUS TITUS

HADRIAN

ANTONINUS COMMODUS

CALIGULA

MARCUS

key

h(k)

CALIGULA OTHO VITELLIUS VESPASIAN HADRIAN TIBERIUS

O(1) c0

O(1) c0

O(1) c0
...

O(1) c0

rehash −→ O(n) c1 + c2n
O(1) c0

...



T(n) = (n − 1)c0 + c1 + c2m + c3n
= (n − 1)c0 + c1 + c2

n
α + c3n

= d0 + d1n
= Θ(n)
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7.3 Open addressing

1. put(A)
A

0

2. put(D)
A D

1

3. put(G)
A D G

3

4. put(E)
A D E G

1

5. put(F)
A D E G F

1

6. put(H)
A D E G F H

3

7. put(B)
A D E G F H B

0

8. put(C)
A D E G F H B C

0

9. put(J)
A D E G F H B C J

8

10. put(I)
A D E G F H B C J I

1

A D E G F H B C J I A D E G F H B C J I

A D E G F H B C J I A D E G F H B C J I

A D E G F H B C J I A D E G F H B C J I

A D E G F H B C J I A D E G F H B C J I

A D E G F H B C J I A D E G F H B C J I

k
h(k) m

k
h(k) m
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B D A G H C I F

B D A G H C I F

B D A H C I F G

B D A G H C I F

B D A E H C I F

B D A H C I F G

B D A H H C I F

B D A H C C I F

B D A H C F I F

Cases to plug the gap Cases to skip the gap

i ≤ g < p

pluggap positionideal place

g < i ≤ p

skipgap ideal place position

p < i ≤ g

plugposition gapideal place

i ≤ p < g

skipideal place gapposition

g < p < i

pluggap ideal placeposition

p < g < i

skipgapposition ideal place
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7.4 Hash functions

h1
int k

int h1(k)

h2
String k

int h2(k)

int h3(k)

h1

h2
String k

h3

0 0 1 2 3Penalty

CALIGULA OTHO VITELLIUS VESPASIAN HADRIAN
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Average Variance
penalty
Area codes (n = 303)
Division

.673 .808

Mid square
1.09 1.64

Multiplicative
.508 .478

Fibonacci
.617 .696

Universal
.578 .617

Book ISBNs (n = 718)

Division
.618 1.05

Mid square
.812 1.48

Multiplicative
.565 .954

Fibonacci
.544 .873

Universal
.667 1.15

Mountain heights in meters (n = 1359)

Division
.577 1.03

Mid square
.857 1.80

Multiplicative
.669 1.30

Fibonacci
.577 1.05

Universal
.662 1.30
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Average Variance
penalty
Randomly generated from [0, 1000) (n = 150)
Division

1.36 .958

Mid square
1.86 1.96

Multiplicative
1.34 .919

Fibonacci
1.41 1.07

Universal
1.39 1.02

Randomly generated from [0, 1000) (n = 400)

Division
.518 1.16

Mid square
1.73 3.68

Multiplicative
.405 .930

Fibonacci
.448 .980

Universal
.488 1.08
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Average Variance
penalty
Surnames (n = 1000)

ASCII sum
.477 1.26

String polynomial
.400 1.00

Carter-Wegman
.339 .892

Mountains (n = 1359)

ASCII sum
.526 .921

String polynomial
.551 .980

Carter-Wegman
.631 1.17

Chemicals (n = 663)

ASCII sum
.505 1.00

String polynomial
.424 .805

Carter-Wegman
.800 1.63

Books (n = 718)

ASCII sum
.818 1.51

String polynomial
.745 1.30
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Carter-Wegman
2.06 4.08

Randomly generated strings (n = 150)
ASCII sum

1.32 .879

String polynomial
1.43 1.09

Carter-Wegman
1.41 1.05

Randomly generated strings (n = 400)

ASCII sum
.515 1.15

String polynomial
.425 .925

Carter-Wegman
.540 1.20

7.5 Perfect hashing

53

73 68 39

78 88

65 94

85

95

h1(k) = (0, 0) ∈ H101 0

h2(k) = (56, 15) ∈ H101 9

h3(k) = (47, 22) ∈ H101 4

h6(k) = (1, 100) ∈ H101 4

h7(k) = (0, 0) ∈ H101 0

h8(k) = (0, 0) ∈ H101 0

h(k) = (93, 0) ∈ H101 10

7.6 Chapter summary





8
String processing

8.1 Sorting algorithms for strings

dais card bark care even barb doze cart carb axle daze exam axis bard carp

card bark care barb carb axle axis bard carp dais even doze cart daze exam

barb axle axis bard card bark care carb · · ·

i j k
bark barb card care cart dais even doze carb axle daze exam axis bard carp

start stop︸ ︷︷ ︸
<pivot

︸ ︷︷ ︸
=pivot

︸ ︷︷ ︸
>pivot

︸ ︷︷ ︸
unsearched

i j k
bark barb axle axis bard card care cart carb carp dais even doze daze exam

start stop︸ ︷︷ ︸
<pivot

︸ ︷︷ ︸
=pivot

︸ ︷︷ ︸
>pivot
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111 1 1 1

n
9

n
9

n
9

n
9

n
9

n
9

n
9

n
9

n
9

n

n · 0

n − 1

9 · (n
9 − 1)

3 · (n
3 − 1)n

3
n
3

n
3

dais card bark care even barb doze cart carb axle daze exam axis bard carp

0 0 2 3 8 11 · · ·
a b c d e

a b c d e

axle axis bark barb bard card care cart carb carp dais doze daze even exam

a b c d e

dais card bark care even barb doze cart carb axle daze exam axis bard carp

barb carb card bard care doze axle daze bark exam even carp dais axis cart

exam even dais axis axle barb carb card bard care bark carp cart doze daze

dais barb carb card bard care bark carp cart daze doze even exam axis axle

axis axle barb bard bark carb card care carp cart dais daze doze even exam

beach event can core hope any front ball done a frond an i give eve
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can core hope any ball done a an i give eve frond beach event front

can any a an i eve beach core hope done give ball frond event front

a an i beach eve event ball can done frond front hope core give any

a i ball can beach give an any done hope core frond front eve event

a an any ball beach can core done eve event frond front give hope i

8.2 Tries

TETTY

ANNALIESE BESS

BABETTE

BETHANNE

BETH BETSY

BETTE

BETTY

ELISA

ELSA

ELLA

LIBBY

LEANNEBESSIE BUFFY

BETTINA LISE

LIZLISETTE

ELIZA

LISSA

ELISE LIDDY LIZZIE

LIZBETH

LIZA

BITS

ELISSA

ISABEL

LISA

BETHANNE

BETH

BESSIE

BETTINA

ELIZA

ELISSA

BUFFY

BETTINA

ELIZA

ELISE



112 Chapter 8. String processing

A

N

N

N

S T

S

A

I

Z

I

A

N

N

A

L

I

E

S

E

IE

B

E

T

T

E

S

I

E

A

E

Y

S
H

T

A

B

U

FT

S F

Y
SEA

Z

A

A

L

E

S
LI

A B

E

L

A

S

L

E

N

N

A

E

B

Y

D

Y T

T

E

S

E SA

A

Z

A

E

B

T

H

E

I
E

T

T

Y

T

B

D

E Y

I

A B C D E F G H I J K ML N O P Q R S T U V W X Y Z

children

valueisTerminal false null

A B C D E F G H I J K ML N O P Q R S T U V W X Y Z

children

valueisTerminal false null

8.3 Huffman encoding

I F T H I S A . . .
00101011100010011110010011000110000

1

WD C P

T R

B F

A H

O U

M L

N

I E

S

0

0

0

0

0

0

0

0

0 0

0

0

0 0

0 0

0

1

1

1

1

1

1

10 1 1

1

1

1

1

1 1

1 1
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00101011100010011110010011000110000. . . 00101011100010011110010011000110000. . .

R

M L

N

I E

S

O U

A H

B F

C PWD

T R

M L

N

I E

S

O U

A H

B F

C PWD

T

I IF

00101011100010011110010011000110000. . . 00101011100010011110010011000110000. . .

R

M L

N

I E

S

O U

A H

B F

C PWD

T R

M L

N

I E

S

O U

A H

B F

C PWD

T

IF IF T

00101011100010011110010011000110000. . . 00101011100010011110010011000110000. . .

R

M L

N

I E

S

O U

A H

B F

C PWD

T R

M L

N

I E

S

O U

A H

B F

C PWD

T

IF TH IF THI

key
text

encoding algorithm

text
encoded

original

encoding algorithm

algorithm

key−generating

key

encoded
text

original
text

A 00

B 01

C 10

0

0 0

1

1

A B C
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10

C 1

W 1
O 2

N 2H 5

T 3

U 1
R 3

S 7

P 1

M 1

L 1

I 5

F 1

E 4

D 1

B 1
A 5

10

F 1B 1

{B F} 2 W 1

T 3

U 1

S 7

R 3

P 1
N 2

O 2

M 1

L 1

H 5

I 5

D 1

C 1

E 4

A 5

M 1 L 1

{M N} 2 O 2 U 1

{O U} 3

C 1 P 1

{C P} 2

D 1 W 1

{D W} 210

{B F} 2

F 1B 1 T 3

S 7
R 3

N 2
H 5

I 5

E 4

A 5

O 2 U 1

{O U} 3

D 1 W 1

{D W} 2

C 1 P 1

{C P} 2

{CDPW} 4

F 1B 1

{B F} 2

10

M 1 L 1

{M N} 2

{LMN} 4

N 2

E 4

T 3I 5
S 7

R 3

H 5
A 5

O 2 U 1

{O U} 3

F 1B 1

{B F} 2

{B F O U} 5

D 1 W 1

{D W} 2

C 1 P 1

{C P} 2

{C D P W} 4

10
M 1 L 1

{M N} 2

{LMN} 4

N 2

E 4

T 3

S 7

I 5

R 3

H 5 A 5

k1 k2 k3. . . . . . . . . . . .

k1

k2

k3

k
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. . .kb. . .ka. . .left right

k

kb

left

right

ka

k1

ka

kb

left right

merged

8.4 Edit distance

cowlcow

row

owl

own

won

gown

grown

warmarm

cat

codcab

cot

coat

can

ran

ram

gold

good
wood

growl

cold grow

coal

oat eat ear dear

oar

beat

sour

soup pour

dour
four

doordoerdeer

soar

odor

soap
owe

owed

wed

pull

poll

pool

poor

flour

floor
towed

towel

tower

power

trowel

yard

word worn

world would

yarnwarn

beetfeetfeed

fed

fletfled

felt

fleet

recieve
del−→ receve

ins−→ receive versus recieve
transp
−→ receive

seperate
del−→ seprate

ins−→ separate versus seperate
sub−→ separate
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definitely

defitely defiately

defiantely defiantlydefianitely

defiintely

defiitely

transp

del

insdel

ins del del

sub

ins

n 6/ins-all 5/ins 4/ins 4/ins 3/ins 3/ins 2/nop 3/del
e 5/ins-all 4/ins 3/ins 3/ins 2/ins 2/sub 3/del 4/del
v 4/ins-all 3/ins 2/ins 2/ins 1/nop 2/del 3/del 4/del
a 3/ins-all 2/ins 1/nop 1/transp 2/del 3/del 4/del 5/del
r 2/ins-all 1/ins 1/sub 1/nop 2/del 3/del 4/del 5/del
c 1/ins-all 0/nop 1/del 2/del 3/del 4/del 5/del 6/del

0/del-all 1/del-all 2/del-all 3/del-all 4/del-all 5/del-all 6/del-all 7/del-all
c a r v i n g

8.5 Grammars

((2*x)/(8*(y+2)))

/

* −

+2 x 8

y 2

Sentence

NounPhrase VerbPhrase

ConcNounPhrase VPA

CNPA VPB

Verb

Noun

Nominal

Aricle

dog ranthe

Sentence

big dog ran

Preposition

field

VerbPhrase

great

Article

Nominal

CNPA

PrepositionalPhrase

VPA

the

Article

through

Adjective

CNPA

Nominal

Nominal

Nominal

Noun

ConcNounPhrase

NounPhrase

ConcNounPhrase

NounPhrase

the

Adjective Verb

VPB

Noun
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ConcNP

VerbPhrase

VPA

PrepPhrase

VerbPhrase

VPA

NounPhrase

ConcNP

Art

Adv

Nominal

Art Noun
Adj

CPNA ConcNP
Nominal Nominal Nominal

Sentence

Nominal

VerbPhrase

VPA VPB

Noun

Verb

VerbPhrase

Noun

Nominal

Sentence

Nominal

VerbPhrase

Noun
VPA

Adj

Verb

VPA VPBVerb VPB

Adj

NounPhrase

CPNA

ConcNP

NounPhrase

Sentence

VerbPhrase

VPA VPB

Nominal

Noun

NounPhrase

CPNA

VPB

6

the plain trains like a juicy apple

5

4

3

2

1

0

0

1

2

3

4

5

6

(2)

Prep

8.6 Chapter summary
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